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Introducing both Berry curvature and chiral anomaly into Landau’s Fermi-liquid theory, we con-
struct a topological Fermi-liquid theory, applicable to interacting Weyl metals in the absence of time
reversal symmetry. Following the Landau’s Fermi-liquid theory, we obtain an effective free-energy
functional in terms of the density field of chiral fermions, where the band structure is modified,
involved with an emergent magnetic dipole moment due to the Berry curvature. The density field
of chiral fermions is determined by a self-consistent equation, minimizing the effective free-energy
functional with respect to the order-parameter field. Beyond these thermodynamic properties, we
construct Boltzmann transport theory to encode both the Berry curvature and the chiral anomaly
in the presence of forward scattering of a Fermi-liquid state, essential for understanding dynamic
correlations in interacting Weyl metals. This generalizes the Boltzmann transport theory for the
Landau’s Fermi-liquid state in the respect of incorporating the topological structure and extends
that for noninteracting Weyl metals in the sense of introducing the forward scattering. Finally, we
justify this topological Fermi-liquid theory, generalizing the first-quantization description for non-
interacting Weyl metals into the second-quantization representation for interacting Weyl metals.
First, we derive a topological Fermi-gas theory, integrating over high-energy electronic degrees of
freedom deep inside a pair of chiral Fermi surfaces. As a result, we reproduce a topologically modified
Drude model with both the Berry curvature and the chiral anomaly, given by the first-quantization
description. Second, we take into account interactions between such low-energy chiral fermions on
the pair of chiral Fermi surfaces. Following the Landau’s Fermi-liquid theory, we perform the renor-
malization group analysis. We find that only forward scattering turns out to be marginal above
possible superconducting transition temperatures, justifying the topological Fermi-liquid theory of
interacting Weyl metals with time reversal symmetry breaking. The topological Fermi-liquid theory
serves a theoretical platform for us to investigate the role of Fermi-liquid interactions in anomalous
transport phenomena of interacting Weyl metals such as anomalous Hall effects, chiral magnetic and
vortical effects, and negative longitudinal magnetoresistivity properties. In addition, it allows us to
study how thermodynamic properties such as the Wilson’s ratio and spectra of collective excitations
such as zero sound modes in the Landau’s Fermi-liquid state are modified due to the Berry curvature
and the chiral anomaly.
PACS numbers:
I. INTRODUCTION
Weyl metals [1–3] are described by pairs of Weyl bands,
separated in momentum space, where each Weyl band
describes emergent relativistic Weyl electrons. Although
the band structure itself may be regarded to be a three
dimensional version of a graphene, focusing on one pair of
Weyl bands, the three dimensional character allows topo-
logically identified nontrivial properties in Weyl metals
[4]. A pair of Weyl points can be identified with a mag-
netic monopole and anti-monopole pair in momentum
space. Accordingly, the Berry curvature is assigned by
this monopole pair, which turns out to play an essential
role in anomalous transport phenomena of Weyl metals
[5–27], where anomalous Hall effects, chiral magnetic and
vortical effects, and negative longitudinal magnetoresis-
tivity properties have been discussed. In particular, the
negative longitudinal magnetoresistivity has been mea-
sured experimentally, proposed to be a fingerprint of a
Weyl metal phase [5–8]. However, these anomalous trans-
port phenomena have been examined without taking into
account interaction effects. If electron correlations are in-
troduced into Weyl metals, possible interplays between
the topological structure and interactions would modify
such transport properties.
The Wilson’s ratio remains unchanged in the Landau’s
Fermi-liquid state, compared with a Fermi-gas phase [28].
Interaction effects on the specific heat coefficient give es-
sentially the same renormalization as those on the uni-
form spin susceptibility, thus canceled in the Wilson’s ra-
tio, which leads to a “weakly universal” constant against
interactions. However, if both the Berry curvature and
the chiral anomaly are introduced into the Landau’s
Fermi-liquid state, the Wilson’s ratio would be modified.
The zero sound mode may be regarded to be a fingerprint
of the Landau’s Fermi-liquid state, where the density-
density correlation function in the random phase approx-
imation (RPA) shows a pole described by a relativistic
dispersion with a spectral weight proportional to its mo-
mentum. Such a collective mode can be found based
on either the Kubo formula or the Boltzmann transport
theory outside the regime of the particle-hole continuum
[28]. On the other hand, if the topological structure is
taken into account, the nature of the zero sound mode
would be modified.
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2In order to investigate the interplay between the topo-
logical structure of the Berry curvature and the chi-
ral anomaly and electron correlations, we should recon-
cile the Boltzmann transport theory of a non-interacting
Weyl metal phase [12, 16–22] with the Landau’s Fermi-
liquid theory [28]. In this study we propose a topological
Fermi-liquid theory for interacting Weyl metals with time
reversal symmetry breaking. First, we review the Lan-
dau’s Fermi-liquid theory rather sincerely since we follow
exactly the same procedure to construct a topological
Fermi-liquid theory. We consider an effective free-energy
functional for thermodynamics in terms of the distribu-
tion function as an order parameter and construct an
effective Boltzmann transport theory for dynamic corre-
lation functions, where only forward scattering has been
introduced for spinless fermions. Reviewing Shankar’s
renormalization group analysis [29], we justify this Lan-
dau’s Fermi-liquid theory to keep the role of the for-
ward scattering only. Second, we propose a topological
Fermi-liquid theory. Based on a modified band structure
due to the Berry curvature, we construct an effective
free-energy functional for thermodynamics in interact-
ing Weyl metals, where only forward scattering has been
taken into account. Then, we propose a topologically
modified Boltzmann transport theory for dynamic corre-
lation functions, where not only the Berry curvature and
the chiral anomaly but also the forward scattering term
has been incorporated. Third, we justify this topologi-
cal Fermi-liquid theory. We derive a topological Fermi-
gas theory in the second-quantization representation, re-
producing a topologically modified Drude model given
by the first-quantization approach [13, 15, 16]. In order
to justify this topological Fermi-gas theory, we derive a
topologically modified Boltzmann transport theory for
non-interacting Weyl metals, reproducing the previous
studies [12, 13, 15–22]. We also derive the negative lon-
gitudinal magnetoresistivity based on the Kubo formula.
As far as we know, this is the first Kubo-formula based
calculation for this anomalous transport coefficient given
by the chiral anomaly. Finally, we perform the renor-
malization group analysis, following the strategy of the
Landau’s Fermi-liquid theory. Indeed, we find that for-
ward scattering is the only marginal contribution above
possible superconducting transition temperatures, where
the Bardeen-Cooper-Schrieffer (BCS) instability [30] is
marginally relevant as the Landau’s Fermi-liquid the-
ory. In the discussion section we show how the three
dimensional character differs from the two dimensional
one, deriving effective field theories in two-dimensional
graphene-type band structures.
Recently, we are aware of a study on “Berry Fermi-
liquid theory”, where the Landau’s Fermi-liquid theory
has been generalized to incorporate the Berry curvature
[31]. This paper justifies their Berry Fermi-liquid theory
based on the diagrammatic analysis [32] instead of the
renormalization group analysis in the action level.
II. REVIEW ON LANDAU’S FERMI-LIQUID
THEORY
We review Landau’s Fermi-liquid theory [28] for read-
ers who are not familiar to such a theoretical framework.
Readers familiar to the kinetic theory for Landau’s Fermi
liquids may skip this section.
A. Effective field theory for thermodynamics
We start from a partition function for interacting spin-
less fermions, given by
Z =
∫
Dcp exp
[
−
∫ β
0
dτ
{∑
p
c†p(∂τ − µ+ p)cp
+
∑
q
Vq
∑
p
∑
p′
c†p+qc
†
p′−qcp′cp
}]
. (1)
Here, cp is a spinless fermion field with momentum p, µ
is a chemical potential, and p is an energy dispersion.
Vq is an effective interaction potential with momentum
transfer q, assumed to be short-ranged. It is straight-
forward to extend this partition function to the case of
spinful fermions.
Landau’s Fermi-liquid theory states that this partition
function should be written as follows
Z = exp
(
− βFFL[δn(p)]
)
(2)
in the low-energy limit. FFL[δn(p)] is the Landau’s
Fermi-liquid free-energy functional in terms of an order
parameter field, here, a density-fluctuation field, defined
by
δn(p) = n(p)− neq(p). (3)
n(p) = 〈c†pcp〉 (4)
is a distribution function, dressed by forward scattering
and determined self-consistently (below), and
neq(p) =
1
exp
{
β
(
εqp(p)− µ
)}
+ 1
(5)
is an equilibrium Fermi-Dirac distribution function,
where εqp(p) is a quasi-particle energy dispersion with
Hartree-Fock self-energy corrections. The Landau’s
Fermi-liquid free-energy functional is given by
FFL[δn(p)] = EFL[δn(p)]− TS[n(p)], (6)
where the energy functional is
EFL[δn(p)] =
∑
p
(
εqp(p)− µ
)
δn(p)
+
∑
p
∑
p′
Fpp′δn(p)δn(p
′) (7)
3and the entropy is
S[n(p)] = kB
∑
p
{
n(p) lnn(p)
+ [1− n(p)] ln[1− n(p)]
}
. (8)
Here, Fpp′ is the Landau’s interaction parameter, result-
ing from the effective interaction potential in Eq. (1)
through renormalization. kB is the Boltzmann constant.
An essential point of this effective energy functional
lies in the emergence of local U(1) symmetry in momen-
tum space. In other words, effective interactions between
spinless fermions in Eq. (1) become simplified or renor-
malized as forward scattering in Eq. (7), where only
q = 0 transfer momentum is allowed in the low-energy
limit of Eq. (1) and the resulting effective interaction
potential is written in terms of density fluctuations. As
a result, the density at each momentum is a conserved
quantity in the low-energy limit. This density-fluctuation
field is determined, minimizing the free-energy functional
with respect to the order-parameter field,
∂FFL[δn(p)]
∂δn(p)
= 0. (9)
More explicitly, the self-consistent equation reads
n(p) =
1
exp
{
β
(
εqp(p)− µ+
∑
p′ Fpp′δn(p
′)
)}
+ 1
.
(10)
Since the free-energy functional is given, thermodynam-
ics of the Landau’s Fermi-liquid state is determined com-
pletely [28].
B. Boltzmann transport theory for dynamic
correlation functions
1. Boltzmann transport theory in the presence of
Fermi-liquid interactions
Dynamic correlation functions can be determined by
Boltzmann transport theory in the presence of forward
scattering, given by
∂tn(p; r, t) + r˙ ·∇rn(p; r, t) + p˙ ·∇pn(p; r, t)
= −n(p; r, t)− neq(p)
τ
. (11)
n(p; r, t) is a distribution function away from equilib-
rium, where p is a relative momentum, the Fourier-
transformed coordinate of a relative distance between a
particle-hole pair, and r (t) is the center-of-mass coor-
dinate (time) of the pair [28]. τ is a relaxation time,
resulting from disorder scattering.
The effective group velocity is given by
r˙ = ∇p
(
εqp(p)− µ+
∑
p′
Fpp′δn(p
′; r, t)
)
≈ ∇pεqp(p) (12)
in the presence of forward scattering. The effective New-
ton’s equation is modified as follows
p˙ = −∇r
(
εqp(p)− µ+
∑
p′
Fpp′δn(p
′; r, t)
)
+e
(
E +
1
c
r˙ ×B
)
≈ −
∑
p′
Fpp′∇rδn(p′; r, t) + eE + e
c
[∇pεqp(p)]×B,
(13)
where the forward-scattering term gives rise to an effec-
tive force in addition to the Lorentz force. The effective
forward interaction reshuffles the density distribution in
the momentum space. As a result, the Boltzmann trans-
port equation for the Landau’s Fermi-liquid state is given
by
∂tn(p; r, t) + [∇pεqp(p)] ·∇rn(p; r, t)
+
(
− ∂εqpneq[εqp(p)]
)∑
p′
Fpp′ [∇pεqp(p)] ·∇rδn(p′; r, t)
+
(
eE +
e
c
[∇pεqp(p)]×B
)
·∇pn(p; r, t)
= −n(p; r, t)− neq(p)
τ
, (14)
where
(
− ∂εqpneq[εqp(p)]
)∑
p′ Fpp′ [∇pεqp(p)] ·
∇rδn(p′; r, t) is an additional contribution beyond
the Boltzmann transport theory of a Fermi-gas phase,
resulting from reshuffling of a density distribution given
by forward scattering.
2. Drude model in the absence of interactions
The Drude model of Eqs. (12) and (13) look triv-
ial. However, this part should be generalized to encode
the topological structure of Berry curvature and chiral
anomaly in noninteracting Weyl metals. In this respect
we would like to show the derivation of the Drude model
for our later purpose. An electron on a Fermi surface is
described by the following effective action
Seff =
∫ tf
ti
dt
(
p · r˙ + e
c
A · r˙ − eΦ− εqp(p)
)
,(15)
where A and Φ are electromagnetic vector and scalar
potentials, respectively. It is straightforward to read the
corresponding Hamiltonian
Heff = −e
c
A · r˙ + eΦ + εqp(p). (16)
4Hamiltonian equations of motion give rise to the Drude
model, given by
r˙ =
∂Heff
∂p
= ∇pεqp(p) (17)
and
p˙ = −∂Heff
∂r
= eE +
e
c
r˙ ×B. (18)
3. Current conservation law in the presence of Fermi-liquid
interactions
One can derive the current conservation law
∂tρ(r, t) +∇r · j(r, t) = 0 (19)
from the Boltzmann transport theory Eq. (14) for the
Landau’s Fermi-liquid state. The density is
ρ(r, t) =
∫
d3p
(2pi)3
n(p; r, t) (20)
and the electrical current is
j(r, t) =
∫
d3p
(2pi)3
[∇pεqp(p)]
{
n(p; r, t)
+
(
− ∂εqpneq[εqp(p)]
)∑
p′
Fpp′δn(p
′; r, t)
}
. (21)
It is important to notice that the conserved current is
modified by the forward scattering, which results from
“back flow” [28].
4. Density-density correlation function in the presence of
Fermi-liquid interactions
We review how to obtain dynamic correlation functions
based on Boltzmann transport theory for readers who are
not familiar to this framework. For simplicity, we focus
on a density response, defined by
〈δρ(q, ν)〉 = χ(q, ν)δφ(q, ν), (22)
where 〈δρ(q, ν)〉 is an ensemble average of density fluctu-
ations, driven by external potential fluctuations δφ(q, ν)
with momentum q and frequency ν. The susceptibility
χ(q, ν) is given by the density-density correlation func-
tion at equilibrium.
The left-hand-side is determined by the distribution
function as follows
〈δρ(q, ν)〉 ≡
∑
p
δn(p; q, ν). (23)
As a result, the compressibility is given by
χ(q, ν) =
∑
p δn(p; q, ν)
δφ(q, ν)
. (24)
Turning on an external electric field represented by
electric potential and performing the Fourier transfor-
mation for the center-of-mass coordinate and time, the
Boltzmann equation reads
(
− iν + 1
τ
+ [∇pεqp(p)] · (iq)
)
δn(p; q, ν)
+
(
− ∂εqpneq[εqp(p)]
)∑
p′
Fpp′ [∇pεqp(p)] · (iq)δn(p′; q, ν)
= −e
(
− ∂εqpneq[εqp(p)]
)
(iq) · [∇pεqp(p)]δφ(q, ν). (25)
It is straightforward to solve this equation in a Fermi-gas
state, where interactions are neglected. In this case the
dynamic susceptibility is
χFG(q, ν)
=
∑
p
e
(
− ∂εqpneq[εqp(p)]
)
[∇pεqp(p)] · (iq)
iν − 1τ − [∇pεqp(p)] · (iq)
.(26)
Although the presence of the forward scattering does not
allow this calculation to be trivial, it turns out that the
resulting susceptibility is given by an RPA expression
[28]. A “bare” polarization bubble corresponds to Eq.
(26), and the forward scattering strength Fpp′ gives rise
to the geometric sum of the bare bubble. Here, we do
not consider this issue more.
C. Renormalization group analysis
The effective field theory Eq. (7) can be justified by the
renormalization group analysis: Only the forward scat-
tering channel turns out to be marginal for generic Fermi
surfaces above the superconducting transition tempera-
ture while other interactions are irrelevant in the renor-
malization group sense [29].
Taking into account the linearized band dispersion
near a Fermi surface
p − µ ≈ vF · (p− pF ) ≡ vF p, (27)
where vF is a Fermi velocity, we rewrite the partition
function of Eq. (1) as follows
5Z =
∫
Dcp exp
[
−
∫ β
0
dτ
{
NF
∫
dΩd
Sd
∫ Λ
−Λ
dp c†p(∂τ + vF p)cp
+N4F
∫
dΩd
Sd
∫ Λ
−Λ
dp
∫
dΩ′d
Sd
∫ Λ
−Λ
dp′
∫
dωd
Sd
∫ Λ
−Λ
dk
∫
dω′d
Sd
∫ Λ
−Λ
dk′
δ(d)(p+ p′ − k − k′)V (k,k′;p′,p)c†kc†k′cp′cp
}]
. (28)
Here, the integral expression
∑
p =
∫
ddp
(2pi)d
in Eq. (1)
is replaced with NF
∫
dΩd
Sd
∫ Λ
−Λ dp in the above, where
the direction denoted by ∇pp/|∇pp| is identified with
the “radial” direction. NF is the density of states at
the Fermi energy, assumed to be a constant value for
a generic Fermi surface. Sd is the d−dimensional solid
angle, and
∫
dΩd is an angular integral. Λ is a momen-
tum cutoff. For interactions, the following normalization
condition has been used.
NF
∫
dΩd
Sd
∫ Λ
−Λ
dp δ(d)(p) = 1. (29)
First of all, we should solve the δ−function constraint
in the interaction term, given by the momentum conser-
vation law
p+ p′ = k + k′, (30)
where all momenta are near the Fermi surface. For sim-
plicity, we consider d = 2. It turns out that only three
types of scattering events are allowed [29]: The first is
forward scattering, described by
p = k, p′ = k′. (31)
The second is backward (exchange) scattering, given by
p = k′, p′ = k, (32)
which is identical to forward scattering in the case of
spinless fermions. The last is BCS scattering (pairing).
The solution is
p = −p′, k = −k′. (33)
Considering these solutions into the partition function,
we reach the following expression for the renormalization
group analysis
W =
∫
Dcp exp
[
−
{
NF
∫
dΩd
Sd
∫ ∞
−∞
dω
2pi
∫ Λ
−Λ
dp c†p(−iω + vF p)cp
+N3F
∫
dΩd
Sd
∫
dΩ′d
Sd
∫
dωd
Sd
∫ ∞
−∞
dω
2pi
∫ ∞
−∞
dω′
2pi
∫ ∞
−∞
dΩ
2pi
∫ Λ
−Λ
dp
∫ Λ
−Λ
dp′
∫ Λ
−Λ
dq F (q)c†p+qc
†
p′−qcp′cp
+N3F
∫
dΩd
Sd
∫
dΩ′d
Sd
∫
dωd
Sd
∫ ∞
−∞
dω
2pi
∫ ∞
−∞
dω′
2pi
∫ ∞
−∞
dΩ
2pi
∫ Λ
−Λ
dp
∫ Λ
−Λ
dp′
∫ Λ
−Λ
dq V (q)c†p′c
†
−p′+qc−p+qcp
}]
. (34)
Here,
∫ β
0
dτ is translated into
∑
iω by Fourier transfor-
mation, where ω is the Matsubara frequency for fermions,
and the discrete summation is replaced with
∫∞
−∞
dω
2pi at
zero temperature. Accordingly, the symbol of the par-
tition function Z is replaced with W . For effective in-
teractions, we decompose them into forward and BCS
scattering channels, where F (q) is the forward scatter-
ing amplitude and V (q) is the BCS one.
It is straightforward to see that this effective action
remains invariant under the scale transformation of
p =
pr
r
, ω =
ωr
r
, (35)
if the fermion field transforms as follows
c(pr/r, ωr/r) = r
∆cc(pr, ωr) −→ ∆c = 3
2
. (36)
Here, r is a scaling parameter. Both the forward and
BCS scattering amplitudes do not change under this scale
6transformation, given by
F (qr/r) = r
∆FF (qr) −→ ∆F = 0,
V (qr/r) = r
∆V V (qr) −→ ∆V = 0. (37)
This tree-level scaling analysis should be checked out,
taking into account quantum corrections. We separate
high and low energy degrees of freedoms as follows
c(p, ω) = c(ph, ω)θ(|Λ| > |ph| > |Λ|/r)
+ c(pl, ω)θ(Λ/r > |pl|), (38)
where θ(|Λ| > |ph| > |Λ|/r) = 1 and θ(Λ/r > |pl|) = 1
result when |Λ| > |ph| > |Λ|/r and Λ/r > |pl| are sat-
isfied, respectively, and otherwise, they are zero. Then,
the partition function is written by
Z =
∫
Dc(pl, ω)Dc(ph, ω) exp
(
− Sl[c(pl, ω)]
−Sh[c(ph, ω)]− Sint[c(pl, ω), c(ph, ω)]
)
(39)
in terms of these high and low energy degrees of freedom.
Here,
Sl[c(pl, ω)] = NF
∫
dΩd
Sd
∫ ∞
−∞
dω
2pi
∫ Λ/r
−Λ/r
dpl
c†(pl, ω)(−iω + vF pl)c(pl, ω) (40)
is an effective action for low energy fermions, and
Sh[c(ph, ω)] = NF
∫
dΩd
Sd
∫ ∞
−∞
dω
2pi
∫ |Λ|
|Λ|/r
dph
c†(ph, ω)(−iω + vF ph)c(ph, ω) (41)
is that for high energy fermions. The interaction part
between high and low energy fermions is described by
the following effective action
Sint[c(pl, ω), c(ph, ω)]
= N3F
∫
dΩd
Sd
∫
dΩ′d
Sd
∫
dωd
Sd
∫ ∞
−∞
dω
2pi
∫ ∞
−∞
dω′
2pi
∫ ∞
−∞
dΩ
2pi
∫ Λ/r
−Λ/r
dpl
∫ |Λ|
|Λ|/r
dp′h
∫ Λ
−Λ
dq
F (q)c†(pl + q, ω + Ω)c†(p′h − q, ω′ − Ω)c(p′h, ω′)c(pl, ω)
+N3F
∫
dΩd
Sd
∫
dΩ′d
Sd
∫
dωd
Sd
∫ ∞
−∞
dω
2pi
∫ ∞
−∞
dω′
2pi
∫ ∞
−∞
dΩ
2pi
∫ Λ/r
−Λ/r
dpl
∫ |Λ|
|Λ|/r
dp′h
∫ Λ
−Λ
dq
V (q)c†(p′h, ω
′)c†(−p′h + q,−ω′ + Ω)(−pl + q,−ω + Ω)c(pl, ω), (42)
where the transfer momentum q is vanishingly small.
The next step is to integrate over high energy fermion
fields. Then, the effective partition function reads
Zeff =
∫
Dc(pl, ω) exp
(
− Sl[c(pl, ω)]− S(2)[c(pl, ω)]
)
(43)
in terms of low energy fermion fields. The interaction
term between low energy fermions can be found in the
second-order cumulant expansion, given by
S(2)[c(pl, ω)] = −1
2
(〈
S2int[c(pl, ω), c(ph, ω)]
〉
h
− 〈Sint[c(pl, ω), c(ph, ω)]〉2h), (44)
where the average with the subscript h is defined by〈O[c(pl, ω), c(ph, ω)]〉h = 1Z
∫
Dc(ph, ω)
O[c(pl, ω), c(ph, ω)] exp
(
− Sh[c(ph, ω)]
)
. (45)
It turns out that the forward scattering channel still
remains marginal
dF (r)
d ln r
= 0, (46)
even if quantum corrections are taken into account [29].
On the other hand, the BCS pairing channel becomes
marginally relevant, described by [29]
dV (r)
d ln r
= −cNFV 2(r), (47)
where c is a positive numerical constant. The solution is
V (T ) =
V
1− cNFV ln(D/T ) , (48)
where D is a bandwidth, defining UV. Attractive inter-
actions at UV enhance to be infinite at IR, implying the
BCS superconducting instability at the critical tempera-
ture [30]
Tc = D exp
(
− 1
cNFV
)
. (49)
7In this respect the Landau’s Fermi-liquid state is a stable
fixed point of “weakly” interacting fermions above the su-
perconducting transition temperature, described by the
Landau’s Fermi-liquid theory discussed before.
III. TOPOLOGICAL FERMI-LIQUID THEORY
We repeat exactly what we have discussed before in the
Landau’s Fermi-liquid theory for interacting Weyl met-
als. We extend the existing topological Fermi-gas theory
for noninteracting Weyl metals to a topological Fermi-
liquid theory for interacting Weyl metals.
A. Effective field theory for a Weyl metallic state
First, we need to discuss an effective field theory as
our starting point, corresponding to Eq. (1). We start
from an effective Dirac theory with an inhomogeneous
topological-in-origin θ−term
Z =
∫
Dψαa exp
[
−
∫ β
0
dτ
∫
d3r
{
ψ†αa
(
(∂τ − µ)Iαβ ⊗ Iab − ivD
(
∂r − ie
c
A
)
· σαβ ⊗ τ zab +mIαβ ⊗ τxab
)
ψβb
+
1
8pi
(E2 +B2) +
θ(r)
2pi
α
2pi
E ·B + V (φ, ϕ)
[
ψ†αa(sinφIαβ + cosφnφ · σαβ)⊗ (sinϕIab + cosϕnϕ · τab)ψβb
]2}]
.
(50)
Here, ψαa is a four-component Dirac spinor with spin α
and orbital a. σαβ and τab are two-by-two Pauli matri-
ces, acting on spin and orbital spaces, respectively. vD
is a velocity, m is a mass parameter, and µ is a chemi-
cal potential. A is an electromagnetic vector potential,
regarded to be externally applied.
E = −1
c
∂τA, B = ∇×A (51)
are externally applied electric field and magnetic field,
respectively. α is a fine structure constant, and θ(r) is
an axion angle which is determined by the strength of an
external magnetic field as shown below. The last term
describes effective interactions between Dirac fermions,
generally expressed.
One can represent this effective theory in terms of four-
by-four Dirac gamma matrices, given by
γ0 = Iαβ ⊗ τxab, γk = −iσkαβ ⊗ τ yab. (52)
Then, the partition function reads
Z =
∫
Dψ exp
[
−
∫ β
0
dτ
∫
d3r
{
ψ¯
(
iγ0(∂τ − µ)− ivDγ ·
(
∂r − ie
c
A
)
+m
)
ψ +
1
8pi
(E2 +B2) +
θ(r)
2pi
α
2pi
E ·B
+λs(ψ¯ψ)
2 + λv(ψ¯γ
µψ)2 + λas(ψ¯γ
µνψ)2 + λpv(ψ¯γ
µγ5ψ)2 + λps(ψ¯γ
5ψ)2
}]
, (53)
where
ψ¯ = ψ†γ0. (54)
Effective interactions between Dirac fermions are de-
composed systematically into scalar (1) ⊕ vector (4) ⊕
antisymmetric tensor (6) ⊕ pseudovector (4) ⊕ pseu-
doscalar (1), denoted by the strengths of effective inter-
actions λs, λv, λas, λpv, and λps, respectively. Recall
1 + 4 + 6 + 4 + 1 = 16, implying that any four-by-four
matrices are described by this basis. The antisymmetric
tensor is
γµν =
1
2
[γµ, γν ], (55)
and the chiral matrix is
γ5 = iγ0γ1γ2γ3 = Iαβ ⊗ τ zab. (56)
In order to determine the angle parameter, we recall
the chiral anomaly equation
∂µ(ψ¯γ
µγ5ψ) =
α
4pi2
E ·B. (57)
8This equation states that the classically conserved chiral
current given by the subtraction of the left-handed chiral
current from the right-handed chiral current is not con-
served any more in the quantum level, described by the
right-hand side [33]. Replacing the topological-in-origin
E ·B term with the chiral current based on this anomaly
equation and performing the integration by parts, we
rewrite the effective action as follows
Seff =
∫ β
0
dτ
∫
d3r
{
ψ¯
(
iγ0(∂τ − µ)− ivDγ ·
(
∂r − ie
c
A− iγ5c
)
+m
)
ψ +
1
8pi
(E2 +B2)
+λs(ψ¯ψ)
2 + λv(ψ¯γ
µψ)2 + λas(ψ¯γ
µνψ)2 + λpv(ψ¯γ
µγ5ψ)2 + λps(ψ¯γ
5ψ)2
}
. (58)
Here, c is a chiral gauge field, given by
c = ∇rθ(r). (59)
It is essential to observe that the chiral gauge-field term
is nothing but the Zeeman term, given by
SZ = −
∫ β
0
dτ
∫
d3r vDgψ
†
αa[B · (σαβ ⊗ Iab)]ψβb,
(60)
if this term is expressed in terms of Dirac gamma ma-
trices. Here, g is the Lande´ g−factor. The chiral gauge
field is identified with the external magnetic field
c = gB. (61)
As a result, the axion angle is
θ(r) = gB · (r +R), (62)
where R describes the freedom of a reference point.
B. Topological Fermi-liquid theory for
thermodynamics
Solving Eq. (50), we find
Z = exp
(
− βFTFL[δnχ(p)]
)
, (63)
where
FTFL[δnχ(p)] = ETFL[δnχ(p)]− TSTFL[δnχ(p)]
(64)
is an effective topological Fermi-liquid free-energy func-
tional in terms of a density order parameter of spinless
fermions on a pair of chiral Fermi surfaces. Here, spin-
less fermions appear from spin-momentum locking, which
will be derived below.
δnχ(p) = nχ(p)− neqχ (p) (65)
is a density-fluctuation field of spinless fermions on the
chiral Fermi surface χ with momentum p, where
neqχ (p) =
1
eβε
χ
p + 1
(66)
is an equilibrium distribution function.
εχp =
(
vχF +
e
c
(BχF · vχF )B
)
· p+ e
c
(vχF ×AχF ) ·B
(67)
is the energy dispersion relation for spinless fermions near
a pair of chiral Fermi surfaces, modified from contribu-
tions of high energy electron fields near the pair of Weyl
points. The group velocity vχF is renormalized by such
high energy electrons as vχF +
e
c (BχF · vχF )B, where BχF
is the Berry magnetic field at the Fermi surface of χ.
This modification may be interpreted as a coupling term
between an emergent magnetic dipole moment and an
external magnetic field, where the magnetic dipole mo-
ment originates from the existence of the Berry curvature
[15, 31, 34, 35]. The last effective potential with the Berry
gauge field AχF describes the contribution of electric po-
larization. This energy dispersion will be derived in the
path-integral representation below.
The energy functional for a topological Fermi-liquid
state is given by
ETFL[δnχ(p)] =
∑
p
∑
χ=±
εχpδnχ(p)
+
1
2
∑
p 6=p′
∑
χ,χ′=±
Fχχ′(p,p
′)δnχ(p)δnχ′(p′), (68)
where Fχχ′(p,p
′) is the Landau interaction parameter,
describing the strength of forward scattering. Perform-
ing the renormalization group analysis, we will show
that only the forward scattering amplitude is marginal
above the critical temperature of possible superconduct-
ing phases while other interactions are irrelevant, essen-
tially identical to the case of the Landau’s Fermi-liquid
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STFL =
∑
p
∑
χ=±
{
nχ(p) lnnχ(p)
+
(
1− nχ(p)
)
ln
(
1− nχ(p)
)}
, (69)
is the same entropy as that of the Landau’s Fermi-liquid
theory.
The density order parameter is determined by the self-
consistent equation of
δ
δnχ(p; r, t)
FTFL[δnχ(p)] = 0. (70)
More explicitly, the self-consistent equation reads
nχ(p)
= f
εχp +∑
p′
∑
χ′=±
Fχχ′(p,p
′)δnχ′(p′)
 (71)
for each chiral Fermi surface, where f(x) = 1/(eβx + 1)
is the Fermi distribution function. As a result, we can
understand the thermodynamics of a topological Fermi-
liquid state. In particular, we predict that the thermody-
namics in interacting Weyl metals will show unconven-
tional magnetic-field dependence beyond the Landau’s
Fermi-liquid state. For example, the Wilson’s ratio would
be modified, compared with that of the Landau’s Fermi-
liquid state.
C. Topological Boltzmann transport theory for
dynamic correlation functions
In order to understand dynamic correlation functions
in interacting Weyl metals, it is essential to construct
Boltzmann transport theory for a topological Fermi-
liquid theory, generalizing either that of Landau’s Fermi-
liquid theory [28] with the introduction of both the Berry
curvature and chiral anomaly or that of a topological
Fermi-gas theory [12, 16–22] with the introduction of for-
ward scattering. The Boltzmann equation is given by
∂tnχ(p; r, t) + r˙χ ·∇rnχ(p; r, t) + p˙χ ·∇pnχ(p; r, t)
= Icoll[δnχ(p; r, t)], (72)
as discussed before. There is an additional term to mod-
ify the Drude model in the Landau’s Fermi-liquid theory,
encoding the topological information of both the Berry
curvature and chiral anomaly. In particular, the group
velocity is generalized as follows
r˙χ = ∇p
(
εχp +
∑
p′
∑
χ′=±
Fχχ′(p,p
′)δnχ′(p′; r, t)
)
+p˙χ ×BχF
≈ ∇p
{(
vχF +
e
c
(BχF · vχF )B
)
· p+ e
c
(vχF ×AχF ) ·B
}
+p˙χ ×BχF
≈ vχF +
e
c
(BχF · vχF )B + p˙χ ×BχF , (73)
where an anomalous-velocity term p˙χ ×BχF appears [36,
37], involved with the Berry curvature BχF . On the other
hand, the force law remains unchanged as follows
p˙χ = −∇r
(
εχp +
∑
p′
∑
χ′=±
Fχχ′(p,p
′)δnχ′(p′; r, t)
)
+e
(
E +
1
c
r˙χ ×B
)
= −
∑
p′
∑
χ′=±
Fχχ′(p,p
′)∇rδnχ′(p′; r, t)
+e
(
E +
1
c
r˙χ ×B
)
. (74)
We will review the derivation of these Hamilton’s equa-
tions of motion below in the absence of forward scatter-
ing. Our work is to generalize this previous study in the
presence of interactions, deriving these equations from
Eq. (50).
It is straightforward to solve such Hamilton’s equations
of motion. As a result, we obtain
r˙χ = Gχ
(
vχF + eE ×BχF +
e
c
(BχF · vχF )B
−
∑
p′
∑
χ′=±
Fχχ′(p,p
′)[∇rδnχ′(p′; r, t)]×BχF
)
(75)
and
p˙χ = Gχ
(
eE +
e
c
vχF ×B +
e2
c
(E ·B)BχF
−
∑
p′
∑
χ′=±
Fχχ′(p,p
′)∇rδnχ′(p′; r, t)
)
, (76)
where
Gχ =
(
1 +
e
c
BχF ·B
)−1
(77)
is a modification factor for the measure of a phase-
space volume. Compared with the group velocity in
the Landau’s Fermi-liquid state, it acquires three types
of corrections. eE × BχF gives rise to an anoma-
lous Hall effect [23–25, 36, 37], regarded to be an ex-
tended version from two dimensions to three dimen-
sions. ec (BχF · vχF )B is responsible for the so called chi-
ral magnetic effect [10–22], not discussed here. These
two contributions have been well known. The last term
−∑p′∑χ′=± Fχχ′(p,p′)[∇rδnχ′(p′; r, t)]×BχF involved
with the forward-scattering strength and the Berry cur-
vature is our novel suggestion. The effect of this term
will be discussed below. Compared with the force law
in the Landau’s Fermi-liquid state, it contains an addi-
tional term e
2
c (E · B)BχF . The role of this term is well
understood, responsible for the chiral anomaly in this
semiclassical description [10–22].
The collision term is given by
Icoll[δnχ(p; r, t)] = −
nχ(p; r, t)− neqχ (p)
τeff
(78)
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in the relaxation-time approximation, where τeff is an
effective relaxation time to include both contributions of
intra- and inter- chiral Fermi surfaces. As a result, we
find
∂tnχ(p; r, t)
+Gχ
(
vχF + eE ×BχF +
e
c
(BχF · vχF )B
)
·∇rnχ(p; r, t) +Gχ
(
eE +
e
c
vχF ×B +
e2
c
(E ·B)BχF
)
·∇pnχ(p; r, t)
+[−∂εneq(ε)]Gχ
∑
p′
∑
χ′=±
Fχχ′(p,p
′)
(
vχF +
e
c
(BχF · vχF )B
)
·∇rδnχ′(p′; r, t) = −
nχ(p; r, t)− neqχ (p)
τeff
, (79)
valid in the linear-response regime, where
−Gχ
(∑
p′
∑
χ′=±
Fχχ′(p,p
′)[∇rδnχ′(p′; r, t)]×BχF
)
·∇rnχ(p; r, t)
is neglected. Here, we point out an interaction-driven term
[−∂εneq(ε)]Gχ
∑
p′
∑
χ′=±
Fχχ′(p,p
′)
(
vχF +
e
c
(BχF · vχF )B
)
·∇rδnχ′(p′; r, t), (80)
essential to generalize the Boltzmann transport theory
of the topological Fermi-gas state. Compared with the
Boltzmann transport theory of the Landau’s Fermi-liquid
state, the Berry curvature gives rise to anisotropy for the
angular dependence in the forward scattering strength.
As a result, correlation functions given by RPA within
the Boltzmann transport theory will show unconven-
tional angular dependence, implying possible appear-
ances for novel instabilities as the interaction parameter
increases. For example, we predict an anisotropic dis-
persion relation in the zero sound mode. Response func-
tions based on this Boltzmann transport theory are on
progress.
D. Review on the topological Drude model in the
absence of Fermi-liquid interactions
We review the derivation of the topologically modified
Drude model [13, 15]. We start from an effective Weyl
Hamiltonian
H = σ · p, (81)
where σ is a Pauli spin matrix. Here we take χ = +1
chirality for definiteness. Then, the transition amplitude
is given by
〈f |e−iH(tf−ti)|i〉
=
∫ rf
ri
Dr
∫
Dp exp
{
i
∫ tf
ti
dt (p · r˙ − σ · p)
}
.(82)
Usually speaking, we are allowed to focus on low energy
electrons near a Fermi surface without the information of
high energy electrons deep inside the Fermi surface. Ac-
tually, the Drude model for a conventional Fermi surface
has been derived in that way. However, the existence of
the magnetic monopole and anti-monopole pair in mo-
mentum space does not allow us to take low energy elec-
trons near a pair of chiral Fermi surfaces only. Instead,
we should introduce the information of high energy elec-
trons near the pair of Weyl points into the low energy
dynamics of electrons near the pair of chiral Fermi sur-
faces. This UV information deep inside the Fermi surface
encodes the topological structure of both the Berry cur-
vature and the chiral anomaly into chiral electrons on the
Fermi surface. This can be achieved by the integration
of high energy electrons in the second-quantization rep-
resentation. In the first-quantization representation we
should describe the low energy dynamics in terms of the
basis function that diagonalizes the Hamiltonian. In this
respect we introduce the unitary matrix Up to diagonal-
ize the Weyl Hamiltonian,
U†pσ · pUp = |p|σ3. (83)
As a result, we rewrite the transition amplitude in the
following way
〈f |e−iH(tf−ti)|i〉 =
∫ rf
ri
Dr
∫
Dp
U†pf exp
{
i
∫ tf
ti
dt (p · r˙ − |p|σ3 − Aˆp · p˙)
}
Upi ,(84)
where
Aˆp = iU†p∇pUp (85)
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is an emergent Berry gauge field [13]. Since we consider
that the chemical potential lies much above the Weyl
point, we keep only the 11−component in the two-by-
two matrix. Then, we obtain the following semiclassical
effective action
Seff =
∫ tf
ti
dt (p · r˙ − |p| −Ap · p˙), (86)
where
Ap =
[
Aˆp
]
11
(87)
is the Berry gauge field.
Introducing electromagnetic fields into the above and
performing the path-integral representation within the
diagonal basis carefully, in particular, keeping the
Lorentz symmetry, one can find an effective semiclassical
action [15]
Seff =
∫ tf
ti
dt
{(
p+
e
c
A
)
· r˙ − eϕ−Ap · p˙
−
(
1 +
e
c
Bp ·B
)
|p|
}
. (88)
Here, A and ϕ are electromagnetic vector and scalar po-
tentials, respectively. Bp is the Berry magnetic field,
given by
Bp = ∇p ×Ap. (89)
We recall that the group velocity is modified to 1 +Bp ·
B, as discussed before. It is straightforward to find the
corresponding Hamiltonian as follows
Heff = −e
c
A · r˙ + eϕ+Ap · p˙+
(
1 +
e
c
Bp ·B
)
|p|.
(90)
The Hamiltonian equation of motion now reads
r˙ =
∂Heff
∂p
= vF + p˙×BF ,
p˙ = −∂Heff
∂r
= eE +
e
c
r˙ ×B, (91)
where BF ≡ Bp|p=pF . Here, the anomalous-velocity
term p˙ × BF appears with the Berry curvature. The
group velocity is
vF = ∇p
[(
1 +
e
c
Bp ·B
)
|p|
]∣∣∣
p=pF
. (92)
Solutions are given by
r˙ = G
[
vF + eE ×BF + e
c
(
vF ·BF
)
B
]
,
p˙ = G
[
eE +
e
c
vF ×B + e
2
c
(
E ·B)BF ], (93)
with the measure-correction factor for the phase-space
volume
G =
(
1 +
e
c
BF ·B
)−1
. (94)
Recently, we find an interesting correction to this topo-
logically modified Drude model, originating from an
emergent Berry electric field that appears when the Berry
magnetic field changes as a function of time [38].
E. Current conservation law in the topological
Fermi-liquid theory
Based on the topologically modified Boltzmann trans-
port theory, it is straightforward to find the current con-
servation law
∂tρχ(r, t) +∇r · jχ(r, t) = kχ
4pi2
e2
c
E ·B. (95)
Here, the “conserved” density is
ρχ(r, t) =
∫
d3p
(2pi)3
G−1χ nχ(p; r, t), (96)
and the “conserved” current is
jχ(r, t) =
∫
d3p
(2pi)3
{(
vχF + eE ×BχF +
e
c
(BχF · vχF )B
)
nχ(p; r, t)
+[−∂εneq(ε)]
∑
p′
∑
χ′=±
Fχχ′(p,p
′)
(
vχF +
e
c
(BχF · vχF )B
)
δnχ′(p
′; r, t)
}
. (97)
There exists an interaction-induced term. This term can
be understood to originate from a back-flow current due
to forward scattering, filling the empty space where elec-
trons move away [28]. In Weyl metals, the group velocity
is modified to vχF +
e
c (BχF ·vχF )B, involved with the effec-
tive dynamics of the emergent magnetic dipole moment
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under external magnetic fields.
kχ
4pi2
=
∫
d3p
(2pi)3
BχF ·∇pnχ(p; r, t) (98)
is a magnetic charge in momentum space.
Resorting to the topologically modified Boltzmann
transport theory, one can find dynamical response func-
tions. We recall to sketch how to obtain the dynamical
susceptibility in the Landau’s Fermi-liquid state, for ex-
ample. One may calculate the optical conductivity
σij(q, ν) =
1
iν
∑
χ=± δj
i
χ(q, ν)
δAj(q, ν)
(99)
in interacting Weyl metals, turning on electric fields
E = −1
c
∂tA(r, t). (100)
In this study we focus on the derivation of a topological
Fermi-liquid theory instead of its property.
IV. DERIVATION OF A TOPOLOGICAL
FERMI-LIQUID THEORY
In order to derive the topological Fermi-liquid theory,
we obtain the topological Fermi-gas theory first in the
absence of interactions. A novel ingredient is that this
derivation is based on the second quantization. We recall
that the topologically modified Drude model has been de-
rived within the first quantization. Then, we introduce
all possible interactions between low energy fermions on
the pair of chiral Fermi surfaces. Performing Shankar’s
renormalization group analysis, we find that the topo-
logical Fermi-liquid state is realized above the critical
temperature of BCS instability, where only forward scat-
tering is marginal as the Landau’s Fermi-liquid state.
A. Derivation of a topological Fermi-gas theory in
the second quantization approach
1. Integration of high-energy fermions
We start from a massless Dirac Lagrangian with a
background chiral gauge field, given by
LWM = ψ¯(x)
(
iγαDα + µγ
0 + cαγ
αγ5
)
ψ(x), (101)
which is fermionic part of Eq. (58) without interaction
between fermions, and m = 0. As before, ψ(x) is a four-
component Dirac spinor with
ψ¯(x) = ψ†(x)γ0. (102)
γµ is a four-by-four Dirac gamma matrix to satisfy the
Clifford algebra
{γα, γβ} = 2ηαβ , (103)
FIG. 1: Spectrum of Weyl electrons at µ 6= 0.
where the flat metric is
ηαβ = diag(1,−1,−1,−1). (104)
More explicitly, we have
γ0 =
(
0 I
I 0
)
, γi =
(
0 −σi
σi 0
)
. (105)
Dα = ∂α + iAα is the covariant derivative with an elec-
tromagnetic vector potential. For convenience, we use a
unit with e = c = 1 in this section.
cα ≡ (c0, c) = (0, gB) (106)
is the background chiral gauge field, given by the external
magnetic field B.
γ5 = iγ0γ1γ2γ3 =
(
I 0
0 −I
)
(107)
is the chiral matrix. µ is the chemical potential.
It is straightforward to obtain the Dirac equation from
the above Lagrangian as follows
i∂tψ(x) =
(
− iγ0γi∂i − µ− ciγ0γiγ5
)
ψ(x)
≡ HWMψ(x), (108)
where HWM is an effective Hamiltonian for a Weyl metal
phase. Here, we dropped Aα but retained cα. The Weyl
band structure is given by
Eχ±(p) = ±|p+ χc| − µ, (109)
where χ = R ≡ 1 and χ = L ≡ −1 are the chirality of
each Weyl band. See Fig. 1. The corresponding eigen-
states are
uR±(p) =
(
ξ±p+c
0
)
, uL±(p) =
(
0
ξ∓p−c
)
, (110)
respectively, for each chirality. Here, the two-component
Weyl spinor is defined as follows
v · σξ±v = ±|v|ξ±v . (111)
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FIG. 2: A pair of chiral Fermi surfaces
FIG. 3: Patch construction for an effective field theory. Here,
Λ represents the size of a patch (cutoff), characterized by a
vector µvχ with a chemical potential µ, where χ means the
chirality of chiral Fermi surface (FS). lχ is a momentum to
describe dynamics of a spinless chiral fermion.
Our Fermi surfaces consist of two spheres of the radius
|µ|, and they are separated by the distance 2|c| along the
direction of c in momentum space (Fig. 1). Since elec-
tron states of the Fermi surface centered at −c (+c) have
the right- (left-) chirality, the Fermi surface is referred to
as a right- (left-) chiral Fermi surface. We note that the
spin direction in the right- (left-) chiral Fermi surface is
in parallel (anti-parallel) with p + c (p − c) for µ > 0,
and opposite for µ < 0.
Assume that, for definiteness, the chemical potential
µ is finite and positive. In the low-energy limit, much
smaller than the Fermi energy, we expect that only low
energy electrons near the Fermi surface are involved with
physical responses. However, the equation of motion
shows that these states are coupled to high energy modes
with the energy near −2µ, not allowing us to take into
account such low energy fermions only. It is desirable to
find a low-energy effective theory, integrating out such
high-energy modes.
In order to perform this procedure, it is convenient to
consider a patch construction with a thin shell of thick-
ness Λ as follows (Figs. 2 and 3): Divide the thin shell
near the Fermi surface into small patches of the dimen-
sion Λ (the area and the thickness are order of Λ). Label
the patch as a vector µvχ with |vχ| = 1, the position
of the patch from the center of the chiral Fermi surface.
The residual momentum within the patch is denoted by
lχ. In other words, we express the four momentum as
pαχ = −χcα + µvαχ + lαχ . (112)
Here, −χcα represents a Weyl point of the chirality χ,
enclosed by a chiral Fermi surface. See Fig. 2. µvαχ
with the chemical potential µ and vαχ = (0,vχ) denotes
a patch position of the chirality χ on the chiral Fermi
surface, where |vχ| = 1.
|lαχ | < Λ µ (113)
describes the dynamics of low-energy chiral fermions in
the patch. See Fig. 3. As a result, we decompose the
Dirac spinor field as follows
ψ(x) =
∑
χ
∑
vχ
∫
|lχ|<Λ
d4lχ
(2pi)4
e−iχc·x+iµvχ·x−ilχ·x
[
Qχ+(vχ, lχ)uχ+(p) +Qχ−(vχ, lχ)uχ−(p)
]
. (114)
Here, Qχ+(vχ, lχ) is an amplitude (annihilation opera-
tor) of an eigenstate uχ+(p), which describes a positive
energy band. On the other hand, Qχ−(vχ, lχ) is an am-
plitude (annihilation operator) of an eigenstate uχ−(p),
which describes a negative energy band. Taking into ac-
count the chiral fermion field
qχ±(vχ, x) =
∫
|lχ|<Λ
d4lχ
(2pi)4
e−il
α
χxαQχ±(vχ, lχ)uχ±(p),
(115)
defined within the patch of vχ, we rewrite the Dirac
spinor field as follows
ψχ(x) =
∑
vχ
e−iχc·x+iµvχ·x
[
qχ+(vχ, x) + qχ−(vχ, x)
]
,
(116)
where
ψ(x) =
∑
χ
ψχ(x). (117)
This completes the decomposition of the Dirac spinor
field in the patch construction.
Introducing Eq. (116) into Eq. (101), we rewrite the
Dirac Lagrangian with the chiral gauge field as follows
LWM =
∑
χ
∑
vχ
[
q¯χ+γ
0
(
Vχ · iD
)
qχ+
+q¯χ−
(
2µ+ V¯χ · iD
)
qχ− + q¯χ+
(
γ⊥χ · iD
)
qχ−
+q¯χ−
(
γ⊥χ · iD
)
qχ+
]
. (118)
Here,
∑
vχ
and
∑
χ represent the summation for different
patches and chiralities, respectively. The four-component
spinor qχ± = qχ±(vχ, x) describe high (+) and low (−)
energy fermion fields, respectively, of the chirality χ and
the patch index vχ. We also introduced
q¯χ± = q
†
χ±γ
0 (119)
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into the above expression. The velocity of each chiral
fermion is defined as
V αχ = (1,vχ), V¯
α
χ = (1,−vχ). (120)
We note the following notation for the gamma matrix
γα⊥χ = γ
α − γα‖χ, (121)
where a projected gamma matrix is given by
γα‖χ = (γ
0,vχ(vχ · γ)). (122)
We recall that the covariant derivative works in the
Fourier-transformed coordinate of the relative momen-
tum lχ, defined at the chirality χ and the patch index
vχ.
We are ready to perform the gaussian integral for high-
energy chiral fermions as follows
Z =
∫
Dqχ+Dqχ− ei
∫
d4x LWM
=
∫
Dqχ+ e
i
∫
d4x LeffWM . (123)
The effective Weyl metal Lagrangian is given by
LeffWM =
∑
χ
∑
vχ
[
q†χ+
(
Vχ · iD
)
qχ+
+
1
2µ
q†χ+
(
γ⊥χ · iD
)2
qχ+
+
1
4µ2
q†χ+
(
γ⊥χ · iD
)(
V¯χ · iD
)(
γ⊥χ · iD
)
qχ+
]
+ O
(
1
µ3
)
(124)
up to the second order in the chemical potential. We
recall that the chemical potential is the largest energy
scale, regarded to be an expansion parameter.
2. 1/µ expansion
The first order in the 1/µ expansion is
LO(µ−1) =
∑
χ
∑
vχ
1
2µ
q†χ+(γ
µ
χ⊥iDµ)
2qχ+. (125)
Here, we have
(γµχ⊥iDµ)
2 = diag
[
(iDχ⊥)2 − (vχ ·B)(vχ · σ)
]
. (126)
Recalling
q†χ+σqχ+ = χvχq
†
χ+qχ+, (127)
we obtain
LO(µ−1) =
∑
χ
∑
vχ
1
2µ
q†χ+[(iDχ⊥)
2 − χv ·B]qχ+.
(128)
where a chirality-dependent Zeeman-type shift on each
Fermi surface appears to be identified with the term
of |p|BF · B, which modifies one-particle energy due
to the Berry curvature in the presence of electromag-
netic fields. This modification has been shown to occur
from a nontrivial manifestation of the Lorentz symme-
try, interpreted as a coupling term between an emergent
magnetic dipole moment and an external magnetic field
[13, 15, 31, 34, 35]. There exist irrelevant corrections
in the dispersion relation, associated with the tangential
momentum
l⊥χ = lχ − vχ(vχ · lχ), (129)
as expected from the dimensional analysis. This term
describes the curvature effect of the Fermi surface.
All terms in O(µ−2) are found to be
LO(µ−2)
= −
∑
χ
∑
vχ
1
4µ2
q†χ+(γ
µ
χ⊥iDµ)(V¯
ν
χ iDν)(γ
ρ
χ⊥iDρ)qχ+.
(130)
We rearrange this term as follows
(γµχ⊥iDµ)(V¯
ν
χ iDν)(γ
ρ
χ⊥iDρ)
= γiχ⊥γ
j
χ⊥V¯
µ
χ (−iFiµ)(iDj) + (V¯ µχ iDµ)(γνχ⊥iDν)2.
(131)
Resorting to
γiχ⊥γ
j
χ⊥
=
(−δij + iijkvkχ + viχvjχ 0
0 −δij − iijkvkχ + viχvjχ
)
,
(132)
we find
γiχ⊥γ
j
χ⊥V¯
µ
χ (−iFiµ)(iDj)
= iE · iD − i(v ·E)(v · iD)− χ(v ×E) · iD − i(v ×B) · iD + χ(v ·B)(v · iD)− χB · iD (133)
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and
(V¯ µiDµ)(γ
ν
⊥iDν)
2
= g2(lχ, ωχ,A)− 2iE · iD + 2i(v ·E)(v · iD) + i(vχ ×B) · iD − χ(vχ ·B)(vχ · iD), (134)
where
g2(lχ, ωχ,A) =
[
− |lχ|2 + 2(lχ ·A)− |A|2 + (vχ · lχ − vχ ·A)2
]
(vχ · lχ − vχ ·A)
−|lχ|2ωχ + 2ωχ(lχ ·A)− |A|2ωχ. (135)
As a result, we reach the following expression
LO(µ−2) = −
∑
χ
∑
vχ
1
4µ2
q†χ+
[
i(vχ ×E) · (vχ × iD)− χ(vχ ×E) · iD − χB · iD
]
qχ+
+ (higher-order dispersion terms). (136)
There are three relevant terms. The first term, which
has no chirality dependence, is well known to appear as
a non-hermitian term in the massive limit of the Dirac
theory [39] while other two terms, which have chirality
dependence, correspond to those of the first quantiza-
tion representation, involved with the Berry curvature
[12–22]. The first non-Hermitian term reflects the fact
that q†χ+qχ+ is not conserved due to the existence of qχ−
states via the hybridization. We neglect this term by re-
quiring a consistent one-particle interpretation of the qχ+
state. The second term is involved with the anomalous
Hall effect and the last term is associated with the chiral
magnetic effect. We point out that the gauge invariance
is satisfied naturally as it must be.
3. An effective field theory for a topological Fermi-gas state
Gathering all terms up to the second order in the 1/µ
expansion, where all terms have been rearranged to show
effects of both the Berry curvature and chiral anomaly
as effective potentials, we obtain an effective Lagrangian
for a Weyl metal state
LeffWM = LO(µ0) + LO(µ−1) + LO(µ−2). (137)
The zeroth order gives a typical form of the kinetic energy
of low-energy fermions near the Fermi surface
LO(µ0) =
∑
χ
∑
vχ
q†χ+
(
Vχ · iD
)
qχ+. (138)
The first order results in a nontrivial correction to the
dispersion relation due to the contribution from the mag-
netic dipole moment given by the Berry curvature, con-
sistent with the correction of the first-quantization ap-
proach
LO(µ−1) =
∑
χ
∑
vχ
1
2µ
q†χ+
(− χvχ ·B)qχ+
+ (higher dispersion terms). (139)
The second order expansion gives rise to geometrically
nontrivial contributions from the Berry curvature, in-
volved with the anomalous Hall effect and the chiral mag-
netic effect
LO(µ−2) =
∑
χ
∑
vχ
χ
4µ2
q†χ+
[(
vχ ×E +B
) · iD]qχ+
+ (higher dispersion & non-Hermitian terms).
(140)
The next procedure is to enslave spin degrees of free-
dom in the dynamics of Weyl electrons, which may be
regarded to originate from the spin-momentum locking,
given by
qR+(vR, x) = U
R
p
fR(vR, x)00
0
 (141)
and
qL+(vL, x) = U
L
p
 000
fL(vL, x)
 , (142)
respectively. Here, Uχp is a unitary matrix that makes
ξ±p+χc be diagonalized. This procedure is called spin en-
slavement [34]. In terms of fχ, the effective action now
reads
LeffWM =
∑
χ
∑
vχ
f†χ
[
Vχ · iD − 1
2µ
vχ ·B
+
χ
4µ2
(
vχ ×E +B
) · iD]fχ
+ (higher dispersion & non-hermitian terms).
(143)
Based on this derivation and reflecting the semiclassi-
cal action in the first quantization expression, we propose
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a topological Fermi-gas theory for the dynamics of spin-
less chiral Fermions on a pair of chiral Fermi surfaces (in
the imaginary-time formalism)
ZTFG =
∫
Dfχ exp[−STFG], (144)
where an effective action is derived as follows
STFG =
∫ β
0
dτ
∫
d3x f†χ(x, τ)
[
∂τ − ϕ
+ Gχ−13
{
x˙χF · i
(∇x + iA)− p˙χF ·AχF}]fχ(x, τ).
(145)
Here,
Gχ3 = (1 +BχF ·B)−1 (146)
is the phase-space volume normalization factor and the
subscript of F is the Fermi momentum, which appears
from the chemical potential in Eq. (143).
Although this effective field theory looks normal at a
glance, the dispersion of such spinless fermions is seri-
ously modified, where the velocity of the dispersion is
renormalized as follows
x˙χF = G
χ
3
[
vχF +E ×BχF +
(BχF · vχF )B], (147)
where vχF is the Fermi velocity and BχF is the Berry cur-
vature on the chiral Fermi surface, satisfying ∇p · Bχp =
2piχδ(3)(p − χc). We emphasize that chemical-potential
and chirality dependent terms are just translated into
Berry-curvature terms for more general expressions from
Eq. (143) to Eq. (145). We recall BχF = χ vχ2µ2 in
Eq. (143). This dispersion relation with non-minimal
gauge couplings may be regarded to be an essential fea-
ture for the low-energy dynamics of chiral fermions on
a pair of chiral Fermi surfaces, derived from from QED4
with a spatially inhomogeneous axion term. This ex-
pression turns out to be identical to the group velocity,
derived from the wave-packet picture [36, 37] and the
first-quantized Weyl Lagrangian [13, 15], where the sec-
ond term is responsible for anomalous Hall effect and the
third term is the source of chiral magnetic effect, both of
which are derived in the 1/µ2 order.
In addition to the velocity renormalization, there ap-
pears an effective potential associated with the Berry-
phase term, where the Drude model with the Lorentz
force is modified as follows
p˙χF = G
χ
3
[
E + vχF ×B +
(
E ·B)BχF ]. (148)
We would like to point out that the Berry gauge-field de-
pendent term of p˙χF ·AχF has not been derived from QED4
with the spatially inhomogeneous axion term, but intro-
duced into Eq. (145) explicitly as our ansatz. Recalling
the first-quantization approach, this term is expected to
result from ip˙χF · ∇p
∣∣
pF
when the spin-enslavement pro-
cedure is taken into account. Although we cannot figure
out why we fail to derive this term at present, we consider
such a term based on physical reasonability. The E ·AχF
term is analogous toE·P , where P is an electric polariza-
tion density associated with permanent dipole moments,
here originating from the Berry gauge field. This reminds
us of the Resta’s geometric mechanism for electric polar-
ization [40]. The (vχF × B) · AχF = −(vχF × AχF ) · B
term is analogous to L ·B with an angular momentum
L, where an anomalous displacement given by the Berry
gauge field is responsible for the anomalous angular mo-
mentum. These two terms can arise in the 1/µ order.
The third term reflects the chiral anomaly on the chiral
Fermi surface in the 1/µ3 order. Now, the topological
Fermi-gas theory Eq. (145) shows parallelism with the
first-quantization approach.
B. Derivation of Boltzmann transport theory for a
topological Fermi-gas state
Although the topological Fermi-gas theory looks natu-
rally connected with the path-integral formulation of the
first quantization, we confirm Eq. (145) [or Eq. (143)]
with Eqs. (147) and (148), deriving a topologically modi-
fied Boltzmann equation in the collisionless limit. We will
follow the standard procedure: Derive the equation-of-
motion of a lesser Green’s function in terms of the center-
of-mass coordinate and the relative coordinate [41].
The equation-of-motion for fχ is given by
δSeffWM
/
δf†χ = 0, (149)
resulting in
[
i∂t −At −
{
vχ − χ
4µ2
(
vχ ×E +B
)} · (i∇−A)− χ
2µ
vχ ·B − 1
4µ2
i
(
vχ ×E
) · {vχ × (i∇−A)}
+
1
2µ
gχ1 (x,A)−
1
4µ2
gχ2 (x, t,A)
]
fχ(x) = 0. (150)
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We recall that the group velocity is modified as vχ− χ4µ2
(
vχ×E +B
)
, discussed before. The coupling term between
the magnetic dipole moment and the applied magnetic field is seen by − χ2µvχ ·B. Here, we include all terms up to
O(1/µ2), where − 14µ2 i
(
vχ ×E
) · {vχ × (i∇−A)} originates from the non-hermitian term and
gχ1 (lχ,A) = −|lχ −A|2 + (vχ · lχ − vχ ·A)2,
gχ2 (lχ, ωχ,A) =
[
− |lχ|2 + 2(lχ ·A)− |A|2 + (vχ · lχ − vχ ·A)2
]
(vχ · lχ − vχ ·A)
− |lχ|2ωχ + 2ωχ(lχ ·A)− |A|2ωχ, (151)
are Fourier-transformed functions to describe irrelevant
corrections in the dispersion relation.
The lesser Green’s function is defined by
G<χ (x1, x2) = i
〈
f†χ(x2)fχ(x1)
〉
. (152)
Differentiating G<χ (x1, x2) with respect to ∂t1 and ∂t2 ,
and using Eq. (150) and its hermitian conjugate, we
obtain the following equation-of-motion of G<χ (x1, x2)
[
i(∂t1 + ∂t2)−At(x1) +At(x2)−
{
vχ − χ
4µ2
(
vχ ×E +B
)} · {i∇x1 + i∇x2 −A(x1) +A(x2)}
− 1
4µ2
i
(
vχ ×E
) · (vχ × {i∇x1 − i∇x2 −A(x1)−A(x2)})+ 12µ{gχ1 (x1,A(x1))− gχ1 (x2,A(x2))}
− 1
4µ2
{
gχ2 (x1, t1,A(x1))− gχ2 (x2, t2,A(x2))
}]
G<χ (x1, x2) = 0. (153)
Introducing the center-of-mass and relative coordinates
(R, T ) =
1
2
(xα1 + x
α
2 ) (154)
and
(r, t) = xα1 − xα2 , (155)
respectively, and performing the Fourier transformation
for the relative coordinate
−i∇r → l, r → −i∇l, t→ i∂ω, (156)
we arrive at the quantum Boltzmann equation in the col-
lisionless limit,
[
i
∂
∂T
+
{
vχ − χ
4µ2
(
vχ ×E +B
)} · i∇R + {E + 1
2
vχ ×B + χ
8µ2
(E ·B)vχ − χ
8µ2
(vχ ·B)E
}
· i∇l
− 1
4µ2
i
(
vχ ×E
) · {vχ × l+ vχ × (R×B)}+ 1
2µ
{
gχ1 (R+ r/2,A(R+ r/2))− gχ1 (R− r/2,A(R− r/2))
}
− 1
4µ2
{
gχ2 (R+ r/2,A(R+ r/2))− gχ2 (R− r/2,A(R− r/2))
}]
G<χ (l, ω;R, T ) = 0, (157)
where Fourier transformed functions are used for gχ1 and
gχ2 , respectively. This Boltzmann equation is identical to
the Boltzmann transport theory Eq. (79) essentially, ex-
cept for keeping both the non-hermitian term and higher-
order corrections of the dispersion relation in the above
expression and considering the contribution from forward
scattering in Eq. (79). In order to see this correspon-
dence more explicitly, we rewrite the effective group ve-
locity in r˙χ·i∇R and the effective Lorentz force in p˙χ·i∇l
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as follows
r˙χ ≡ vχ − χ
4µ2
(
vχ ×E +B
)
≈
(
1 +
χ
8µ2
(vχ ·B)
)−1{
vχ − χ
4µ2
(
vχ ×E +B
)}
+
χ
8µ2
(vχ ·B)vχ (158)
and
p˙χ ≡ E + 1
2
vχ ×B + χ
8µ2
(E ·B)vχ − χ
8µ2
(vχ ·B)E
≈
(
1 +
χ
8µ2
(vχ ·B)
)−1{
E +
1
2
vχ ×B + χ
8µ2
(E ·B)vχ
}
+
χ
16µ2
(vχ ·B)vχ ×B, (159)
respectively, where the phase-space volume measure has
been introduced. Here, we keep all terms up to the
O(µ−2) order. It turns out that there exist additional
terms of χ8µ2 (vχ ·B)vχ and χ16µ2 (vχ ·B)vχ ×B in these
equations, respectively. Unfortunately, we do not under-
stand the origin of this discrepancy.
If we repeat exactly the same procedure for the topo-
logical Fermi-gas field theory of Eq. (145) with Eqs.
(147) and (148), we reach the following topological Boltz-
mann transport theory in the collisionless limit( ∂
∂T
+ x˙χF ·∇R + p˙χF ·∇p
)
G<χ (p;R, T ) = 0,
(160)
where l has been replaced with p. Here, the p˙χF · ∇p
term has nothing to do with −p˙χF ·AχF in the effective
action of Eq. (145). This expression is identical with the
Boltzmann transport theory Eq. (79) exactly, except for
the contribution from forward scattering in Eq. (79). In
other words, the following effective action
Seff =
∫ β
0
dτ
∫
d3x f†χ(x, τ)
[
∂τ − ϕ
+ Gχ−13 x˙
χ
F · i
(∇x + iA)]fχ(x, τ) (161)
gives rise to the Boltzmann transport theory of Eq.
(160). We would like to point out that this topological
Boltzmann transport theory has been also derived in the
collisionless limit, performing the similar coarse-graining
procedure but from QED4 directly [17].
C. Longitudinal positive magnetoconductivity
Since the effective field theory of Eq. (145) with Eqs.
(147) and (148) reproduces the topological Boltzmann
equation and the topological Boltzmann transport the-
ory predicts the enhancement of the longitudinal con-
ductivity, it is natural to expect that the B2 enhance-
ment should be also predicted by the effective field the-
ory within the Kubo formula. Taking derivatives twice
with respect to the electromagnetic field in Eq. (145), we
obtain the current-current correlation function
Πij(iΩ)
=
1
V
∑
p
(
vχF +
e
c
BχF · vχFB
)
i
(
vχF +
e
c
BχF · vχFB
)
j
1
β
∑
iω
Gχ(p, iω + iΩ)Gχ(p, iω) (162)
with the Green’s function of
Gχ(p, iω) =
1
iω + x˙χF · p+ p˙χF ·AχF + iγimpsgn(ω)
,
(163)
where γimp is a scattering rate due to nonmagnetic ran-
domness, introduced in the Born approximation [41].
Here, the coupling constant e and the speed of light c
is written explicitly. An essential point in this expression
is that the group velocity is modified due to the chiral
magnetic effect, given by vχF −→ vχF + ecBχF · vχFB.
The longitudinal magneto-conductivity along the ap-
plied magnetic field direction (B = Bzˆ) is given by
σzz = − lim
Ω→0
Im
[
1
Ω
Πzz(iΩ→ Ω + iδ)
]
=
NF
4pi2
∫ 1
−1
d cos θ
∫ 2pi
0
dϕ
∫ ∞
−∞
dξ
γ2imp
(
|vχF |2 cos2 θ + e
2
c2 |BχF |2|vχF |2B2
)
{(
p˙χF ·AχF +
[
1 + ec |BχF |B cos θ
]
ξ
)2
+ γ2imp
}2
≈
(
1 + 12
e2
c2
[|BRF |2 + |BLF |2]B2
)
σD, (164)
where
σD =
1
24
NF |vF |2γ−1imp (165)
is the Drude conductivity. We recover the B2 enhance-
ment for the longitudinal conductivity, which occurs
when the electrical current is driven along the same direc-
tion of the applied magnetic field. A similar calculation
shows that the longitudinal conductivity perpendicular
to the applied magnetic field direction is σxx = σyy = σD,
where the chiral magnetic effect does not exist, i.e.,
vχF +
e
cBχF · vχFB −→ vχF in the above Kubo formula.
D. Renormalization group analysis for effects of
four-fermion interactions on a pair of chiral Fermi
surfaces
Following the Landau’s Fermi-liquid theory, we inves-
tigate the role of four-fermion interactions in the low-
energy dynamics of chiral fermions on the pair of chiral
Fermi surfaces. We recall such four-fermion interactions
Lint = λs(ψ¯ψ)2 + λv(ψ¯γµψ)2 + λas(ψ¯γµνψ)2
+ λpv(ψ¯γ
µγ5ψ)2 + λps(ψ¯γ
5ψ)2, (166)
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FIG. 4: All possible (Lorentz-invariant) four-fermion intra-
valley scattering events on the pair of chiral Fermi surfaces
from Eqs. (168).
where ψ is a four-component Dirac spinor. These four-
fermion interactions are irrelevant in the case of zero
chemical potential as long as their strengths remain weak.
On the other hand, the presence of a Fermi surface gives
rise to marginal interactions for some specific kinematic
channels.
It is straightforward to rewrite these interactions in
terms of chiral fermions, decomposed as follows
Lint = Lintra−valley + Linter−valley + LUmklapp,
(167)
where intra-valley scattering events are described by
Lintra−valley = (λv + λpv)(ψ¯RγµψR)(ψ¯RγµψR)
+(λv + λpv)(ψ¯Lγ
µψL)(ψ¯LγµψL)
+(2λv − 2λpv)(ψ¯RγµψR)(ψ¯LγµψL),
(168)
inter-valley scattering events are given by
Linter−valley = (2λs − 2λps)(ψ¯LψR)(ψ¯RψL)
+(−2λas)(ψ¯RγµνψL)(ψ¯LγµνψR),
(169)
and umklapp scattering events are expressed by
LUmklapp = (λs + λps)(ψ¯RψL)(ψ¯RψL)
+(λs + λps)(ψ¯LψR)(ψ¯LψR)
+λas(ψ¯Rγ
µνψL)(ψ¯RγµνψL)
+λas(ψ¯Lγ
µνψR)(ψ¯LγµνψR). (170)
FIG. 5: All possible (Lorentz-invariant) four-fermion inter-
valley scattering events on the pair of chiral Fermi surfaces
from (169).
FIG. 6: All possible (Lorentz-invariant) four-fermion inter-
valley Umklapp scattering channels on the pair of chiral Fermi
surfaces from (170).
Momentum configurations in scattering events are shown
in Figs. 4, 5, and 6, respectively. Here, we focus on only
the intra- and inter-valley scattering channels, where the
Umklapp channel is highly oscillating with a prefactor
e±4ic·x, expected to be irrelevant for generic filling.
In order to project out these four-fermion interactions
into the pair of chiral Fermi surfaces, we perform a con-
tinuous angular decomposition, more convenient than us-
ing rectangular patches, given by
ψχ(x) =
∫
vχ
dΩχ
(2pi)2
eiµvχ·x e−iχc·x [qχ+(vχ, x)
+ qχ−(vχ, x)]. (171)
Here,
∫
vχ
dΩχ
(2pi)2 represents an angular integral for the con-
tinuous patch of vχ. Their Fourier components are
qχ±(vχ, x) =
∫ +∞
−∞
dωχ
(2pi)
∫
|lχ|<Λ
d3lχ
(2pi)3
e−ilχ·x−iωχt qχ±(vχ, lχ, ωχ). (172)
Introducing these mode decompositions into Eqs. (168)
and (169), we find effective four-fermion interactions at
low energies. Following the previous procedure, we ob-
tain these effective interactions within the 1/µ expansion,
which arise from integrations of qχ− fields. Considering
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their momentum, frequency, and field dependencies, their
roles are expected to be sub-leading, compared with the
O(µ0) order. In this respect we focus on effective inter-
actions in the O(µ0) order.
Resorting to Eq. (171), we represent four-fermion in-
teractions up to the O(µ0) order as follows: The intra-
valley scattering term is given by
Lintra−valley =
∫
n,l,ω
uvχχ′(1,2,3,4)[q¯χ+(3)γ
µqχ+(1)][q¯χ′+(4)γµqχ′+(2)] (173)
and the inter-valley scattering term is described by
Linter−valley =
∫
n,l,ω
us(1,2,3,4)[q¯χ+(3)qχ′+(1)][q¯χ′+(4)qχ+(2)]
+
∫
n,l,ω
uas(1,2,3,4)[q¯χ+(3)γ
µνqχ′+(1)][q¯χ′+(4)γµνqχ+(2)]. (174)
Here, we introduce an abbreviated notation of the chiral
fermion field
qχ+(j) = qχ+(nj , lj , ωj). (175)
In addition, we consider the integral expression∫
n,l,ω
≡
3∏
j=1
[∫
nj
dΩj
(2pi)2
∫ ∞
−∞
dωj
2pi
∫ Λ
−Λ
dlj
2pi
]
θ(Λ− |l4|),
(176)
following the Landau’s Fermi-liquid theory.
It is important to notice that we have an additional
kinematical dependence in the tree-level scaling, given by
θ(Λ−|l4|). As a result, only forward and BCS scattering
channels turn out to be marginal while other interactions
are all highly irrelevant, essentially the same case as the
Landau’s Fermi-liquid theory. Such non-vanishing four-
fermion couplings are
u(n1,n2,n3,n4)|n1·n2=n3·n4
= F (n1 · n2 ; φ12;34) = F (z, φ) (177)
for forward scattering and
u(n1,−n1,n3,−n3) = V (n1 · n3) = V (z13) (178)
for BCS pairing, where we follow the notation of Ref.
[29]. As a result, we rewrite Eqs. (173) and (174) in
terms of forward and BCS scattering channels
SForward =
∫
n,l,ω
[
gFRR(z, φ) [U
R†
3 U
R
1 ]11 [U
R†
4 U
R
2 ]11 f
†
R(3)fR(1)f
†
R(4)fR(2)
+gFLL(z, φ) [U
L†
3 U
L
1 ]44 [U
L†
4 U
L
2 ]44 f
†
L(3)fL(1)f
†
L(4)fL(2)
+gFRL(z, φ) [U
L†
3 U
R
1 ]41 [U
R†
4 U
L
2 ]14 f
†
L(3)fR(1)f
†
R(4)fL(2)
]
, (179)
and
SBCS =
∫
n1,n3
∫
l,ω
[
gVRR(z13) [U
R†
3 U
R
1 ]11 [U
R†
−3U
R
−1]11 f
†
R(3)fR(1)f
†
R(−3)fR(−1)
+gVLL(z13) [U
L†
3 U
L
1 ]44 [U
L†
−3U
L
−1]44 f
†
L(3)fL(1)f
†
L(−3)fL(−1)
+gVRL(z13) [U
L†
3 U
R
1 ]41 [U
R†
−3U
L
−1]14 f
†
L(3)fR(1)f
†
R(−3)fL(−1)
]
, (180)
respectively, after the spin enslavement [Eqs. (141) and
(142)]. Here, a pair of Uχp matrices plays the role of an
anisotropic Berry phase factor, which can be interpreted
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FIG. 7: Feynman rules for the low energy effective action
[Eq. (145) in equilibrium (E = 0)] with effective four-fermion
interactions [Eqs. (179) and (180)]
as a wave-function overlap factor. We have
gFRR(z, φ) = 4FvRR(z12, φ12;34),
gFLL(z, φ) = 4FvLL(z12, φ12;34),
gFRL(z, φ) = Fs(z12, φ12;34)− 2FvRL(z12, φ12;34)
(181)
for the forward scattering channel and
gVRR(z13) = 4VvRR(z13),
gVLL(z13) = 4VvLL(z13),
gVRL(z13) = Vs(z13) + 2VvRL(z13) (182)
for the BCS channel.
We perform the renormalization group analysis, based
on the effective action for the topological Fermi-gas state
[Eq. (145)] with effective four-fermion interactions on the
pair of chiral Fermi surfaces [Eqs. (179) and (180)]. See
Fig. 7, expressing Feynman rules for the perturbative
renormalization group analysis.
We emphasize that dynamics of spinless fermions on
the pair of chiral Fermi surfaces differs from that of con-
ventional electrons on non-chiral Fermi surfaces, where
contributions from the Zeeman-type shift and Berry-
curvature effect are responsible. In particular, the
Zeeman-type shift modifies the shape of a chiral Fermi
surface (Fig. 8) from a sphere to an ellipsoid. In ad-
dition, the Fermi velocity is renormalized by the Berry-
curvature effect.
First, we focus on the forward intra-valley scattering
channel, given by gFRR and g
F
LL. It turns out that their
renormalizations are essentially the same as those of the
Landau’s Fermi-liquid state except for the ellipsoid Fermi
surface, where the diagrams are shown in Figs. 9 (a) and
(b), which may contribute to the renormalization group
flows for gFRR and g
F
LL in the one-loop level. We note that
FIG. 8: A pair of chiral Fermi surfaces with the Zeeman-type
shift.
both internal fermion lines always lie in the same chiral
Fermi surface for intra-valley forward interactions.
The ZS diagrams [Fig. 9 (a)] are given by
dGFχχ(1,2,3,4)
=
∫ ∞
−∞
dω
2pi
∫
dΛ
dl
2pi
∫
n
dΩ
(2pi)2
GFχχ(n
′,2,n,4) GFχχ(1,n,3,n
′)
[iω − Eχ(l,n, cos θ)][iω − Eχ(l′,n′, cos θ′)]
+
∫ ∞
−∞
dω
2pi
∫
dΛ
dl
2pi
∫
n
dΩ
(2pi)2
GFχχ′(2,n
′,4,n) GFχχ′(1,n,n
′,3)
[iω − Eχ′(l,n, cos θ)][iω − Eχ′(l′,n′, cos θ′)] ,
(183)
where GFχχ′(1,2,3,4) ≡ gFχχ′ [Uχ
′†
3 U
χ
1 ][U
χ†
4 U
χ′
2 ] is a ver-
tex factor with Berry phase. We note χ 6= χ′ in the
second line. Eχ(l,n, cos θ) is a modified dispersion on
an elliptic chiral Fermi surface with chirality χ. It is
straightforward to see that the frequency integral van-
ishes identically since both poles in the pair of fermion
Green’s functions reside in the same side of the frequency
space.
There are also ZS’ and BCS diagram contributions.
The ZS’ diagram can be constructed in the same way
as the above, given by 3 ↔ 4 in Eq. (183). The BCS
diagram is also given similarly. It turns out that they give
rise to the order of O(dΛ2), proportional to the phase
space volume of intersections between red and blue thin
bars in Fig. 10.
Although there exist some nested line-pair configura-
tions in the intra-valley channel (Fig. 11), their bare
couplings are highly suppressed or exactly vanish due to
the Berry phase factor. As a result, forward intra-valley
interactions given by gFRR and g
F
LL are marginal up to the
one-loop level.
Second, we consider the inter-valley scattering channel,
given by gFRL, where two internal momenta in diagrams
lie on the opposite chiral Fermi surfaces. The ZS diagram
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FIG. 9: Contributions from one-loop diagrams in the renor-
malization group analysis. Eχ(l, n, cos θ) is the dispersion
of a deformed chiral Fermi surface with chirality χ.
[Fig. 9 (b)] is given by
dGFRL(1,2,3,4) =
∫ ∞
−∞
dω
2pi
∫
dΛ
dl
2pi
∫
n
dΩ
(2pi)2
GFRL(n
′,2,n,4) GFRL(1,n,3,n
′)
[iω − EL(l,n, cos θ)][iω − ER(l′,n′, cos θ′)]
(184)
The ZS’ diagram can be found from 3↔ 4 in the above
equation, and the BCS is constructed similarly. It turns
out that the overlap region is the same as that of the
intra-valley case. In most cases, the momentum integral
is restricted within a small intersection volume of order
O(dΛ2) as before. But, there are some interesting chan-
nels between two nested lines, expected to show enhance-
ment of an overlap volume in the phase space along the
elongated axis of the ellipsoid (Fig. 11). These nested
line pairs are indicated in Fig. 12.
As shown in Fig. 11, the intersection seems to be no
longer a small rectangular region of order O(dΛ2). In-
stead, it looks to be of order O(dΛ). However, a careful
analysis confirms that the intersection region is a thin-
line-type, not a thin-plane-type, where the phase space
volume is ∼ kF (dΛ)2 instead of ∼ k2F dΛ. As a result, the
forward inter-valley channel gFRL is also marginal up to
the one-loop level.
We find one-loop renormalizations for pairing interac-
tions of gVRR, g
V
LL, and g
V
RL [Figs. 9 (c) and (d)], given
FIG. 10: Available phase space for the forward scattering
channel. Red and blue arrows represent internal momenta in
one-loop diagrams of the renormalization group analysis for
forward interactions. Phase space overlap occurs only in the
intersection between red and blue lines with dΛ thickness.
FIG. 11: Available phase space for the forward scattering
channel. Red and blue arrows represent internal momenta
in one-loop diagrams of the renormalization group analysis
for forward interactions. Phase space overlap occurs only in
the intersection between red and blue lines with dΛ thickness.
When the dispersion relation is distorted by strong magnetic
fields seriously, the intersection for the exchange scattering
channel seems to have the volume of O(dΛ). However, con-
sidering the azimuthal angle, the overall overlap volume turns
out to be of order O(dΛ2).
by
dGVχχ(1,−1,3,−3)
=
∫ ∞
−∞
dω
2pi
∫
dΛ
dl
2pi
∫
n
dΩ
(2pi)2
GVχχ(n,−n,3,−3) GVχχ(1,−1,n,−n)
[iω − Eχ(l,n, cos θ)][−iω − Eχ(l,−n,− cos θ)]
(185)
and
dGVRL(1,−1,3,−3)
=
∫ ∞
−∞
dω
2pi
∫
dΛ
dl
2pi
∫
n
dΩ
(2pi)2
GVRL(−n,n,3,−3) GVRL(1,−1,n,−n)
[iω − EL(l,n, cos θ)][−iω − ER(l,−n,− cos θ)] ,
(186)
respectively. In Eq. (185), Cooper pairs occur from the
same chiral Fermi surface. On the other hand, Cooper
pairs result from both chiral Fermi surfaces in Eq. (186).
An interesting feature may come from the presence of the
Berry phase. Since we focus on the normal state above
a certain temperature scale involved with the instability
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FIG. 12: Nested line pairs in the inter-valley channel. This situation is realized under strong magnetic fields, which distort
the Fermi surface along the direction of the applied magnetic field. Red and blue arrows denote the CP 1 Berry phase factor
given by Up (spin orientations). A pair of red and blue lines form a nesting pair connected by the nesting vector Q1 or Q2.
There are infinitely many nesting pairs due to the azimuthal symmetry in these Fermi surfaces. Notice that two red lines or
two blue lines are also nested to each other. However, the Berry-phase factor kills their bare couplings completely due to the
wave-function orthogonality.
of the particle-particle channel and below some critical
interaction parameters associated with various particle-
hole instabilities, we do not consider these superconduct-
ing instabilities any more in the present study.
The above discussion allows us to identify Landau’s
interaction parameters in the energy functional of Eq.
(68) as follows
Fχχ(p,p
′) = gFχχ(z, 0),
FRL(p,p
′) =
∣∣[UR†p ULp′ ]14∣∣2gFRL(z, 0). (187)
This completes the derivation of the topological Fermi-
liquid theory for interacting Weyl metals from an effec-
tive microscopic model Eq. (50) [or Eq. (53)].
V. DISCUSSION
Topological Fermi-gas theory should be distinguished
from Landau’s Fermi-liquid theory with Berry curvature,
where electromagnetic properties of the former state are
described by axion electrodynamics while those of the lat-
ter are governed by Maxwell electrodynamics. In order to
understand the Berry curvature and the chiral anomaly
more deeply, we repeat exactly the same analysis as that
of the previous section but for the theory of three di-
mensional (one time and two space dimensions) quantum
electrodynamics (QED3), which may be regarded to be
realized in graphene.
First, we consider the massless case, shown in Fig. 13
and described by
L =
∑
a=I,II
∑
s=↑,↓
ψ¯as(γ
µ
a iDµ + µγ
0
a)ψas. (188)
ψas represent two-component spinors with a valley index
a = I, II (I = K and II = −K) and a spin index
s =↑, ↓, where the chirality of theK valley is opposite to
that of −K and the spin degeneracy may be regarded as
just replicas. The Dirac matrix of γµa = (τ
z,−iτx, χiτy)
at each valley are given by the Pauli’s matrix τ i, which
acts on the sublattice space. χ = +1 (−1) represents the
chirality for I = K (II = −K). In this case we find the
Berry gauge field and associated Berry curvature field as
Aa = − χ
2µ
φˆa (189)
and
Ba = (∇pa ×Aa)z = −δ(pa)
χ
2µ2
, (190)
respectively, which corresponds to a vortex (χ = +1)
and anti-vortex (χ = −1) configuration in the momen-
tum space, where φˆa is an angular unit vector at the
Fermi surface of each valley. This vortex and anti-vortex
configuration will not give any Berry curvature effects on
the dynamics of these Dirac electrons near the pair of
Fermi surfaces. Following the same procedure before, we
obtain
L = L0 + L−1 + L−2 +O(µ−3),
L0 =
∑
a=I,II
∑
va
q†a+(V
µ
a iDµ)qa+,
L−1 =
∑
a=I,II
∑
va
1
2µ
q†a+(iD⊥a)
2qa+,
L−2 = −
∑
a=I,II
∑
va
1
4µ2
q†a+[i(va ×E) · (va × iD)]qa+
−
∑
a=I,II
∑
va
1
4µ2
χq†a+τ
z[(E × iD)z
−(E × va)z(va · iD)− (va ·E)(va × iD)z]qa+ ,
(191)
where the qa+ field describes the dynamics of Dirac elec-
trons on the pair of Fermi surfaces with the vortex and
anti-vortex pair configuration. All symbols are defined
similarly with those of Eqs. (138), (139), and (140). Al-
though Berry curvature involved (chirality dependent)
contributions do appear formally, the presence of τz in
the last line of L−2 does not allow their net effects on
transport phenomena, which may be identified with Lan-
dau’s Fermi-liquid state.
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FIG. 13: Spectrum of graphene. I = K and II = −K are
degeneracy points (valleys) with opposite chiralities in the
first Brillouin zone, where the Berry connection Aa and and
associated Berry curvature Ba are expressed by red and blue
arrows, respectively.
FIG. 14: Spectrum of graphene but with “chiral” symmetry
breaking.
Second, we consider the massive case, shown in Fig.
14 and described by
L =
∑
a=I,II
∑
s=↑,↓
ψ¯as(γ
µ
a iDµ + µγ
0
a −Ns)ψas, (192)
where the mass gap is assumed to result from antiferro-
magnetic correlations, thus N↑ = N and N↓ = −N .
In this case the Berry connection and Berry curvature
are given by
Aas = − χ
kF
sin2(θs/2) φˆa (193)
and
Bas = (∇pa ×Aas)z = −χ
Ns
2µ3
, (194)
which corresponds to a magnetic monopole and anti-
monopole configuration in the parameter space (or a
projected monopole and anti-monopole configuration in
the momentum space), where cos θs ≡ Ns/µ and µ2 =
k2F +N
2
s . See Fig. 15.
FIG. 15: Berry connections and curvatures in the parame-
ter space of (kx, ky, Ns), represented by red arrows and blue
arrows, respectively.
Then, we find
L = L0 + L−1 + L−2 +O(µ−3) ,
L0 =
∑
a=I,II
∑
s=↑,↓
∑
va
q†as+(V
µ
a iDµ)qas+ ,
L−1 =
∑
a=I,II
∑
s=↑,↓
∑
va
1
2µ
q†as+[(iD⊥a)
2 − χ(Kˆs)zB]qas+,
L−2 = −
∑
a=I,II
∑
s=↑,↓
∑
va
1
4µ2
q†as+[i(va ×E) · (va × iD)
+χ(Kˆs)z(E × iD)z]qas+, (195)
where Ks = (kF cosφ, kF sinφ, Ns), αa =
(γ0aγ
1
a, γ
0
aγ
2
a, γ
0
a), and D = (Dx, Dy, 0). If one may
point out that essentially the same low-energy effective
action has been found except for the dimensionality, the
observation is completely correct. However, this explicit
demonstration proves that only the Berry-curvature ef-
fect such as the anomalous Hall effect is allowed in two di-
mensions while the axion electrodynamics involved with
the chiral anomaly cannot occur, which originates from
the constraint involved with the dimensionality. Here,
even the anomalous Hall effect is not observed since the
anomalous Hall effect from each valley turns out to be
canceled.
The above discussion leads us to construct table I
as our conclusion. First of all, the low-energy effec-
tive field theory turns out to be the same as each other
completely. On the other hand, governing equations
of motion are shown to differ, identified with Drude
model, Drude model with Berry curvature, and topolog-
ical Drude model and responsible for classifying liquids
into Landau’s Fermi liquid, Landau’s Fermi liquid with
Berry curvature, and topological Fermi liquid, respec-
tively. Although both the Landau’s Fermi liquid and
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TABLE I: Classification of low-energy effective field theories in the presence of Berry curvature in d = 2 and d = 3. UV and
IR represent ultraviolet and infrared, respectively. LFL and TFL express Landau’s Fermi-liquid and topological Fermi-liquid,
respectively. AHE is the abbreviation of anomalous Hall effect.
UV Field Theory
QED3 with QED3 with QED4 with
Massless Spectrum Massive Spectrum Inhomogeneous Axion Term
IR Field Theory S = ∫ β
0
dτ
∫
ddx f†χ(x, τ)
(
∂τ − ϕ+ iGχ−1d x˙χF · [∇x + iA]− p˙χF ·AχF
)
fχ(x, τ)
x˙i = vi x˙
χ
i = G
χ
2 [vi + 
ijEjBχ] x˙χ = Gχ3 [vp +E ×Bχp +B(vp ·Bχp)]
p˙i = Ei + 
ijvjB p˙
χ
i = G
χ
2 [Ei + 
ijvjB] p˙
χ = Gχ3 [E + vp ×B +Bχp(E ·B)]
Drude model Drude model with
“Topological” Drude model
(Plain vanilla) Berry curvature
Ba = −δ(pa) χ2µ2 Bas = −χ Ns2µ3 Bχ = χ 12µ2 pˆ
Berry Curvature
Vortex Projected monopole Monopole
Transport Theory
(
∂
∂T
+ x˙χF ·∇R + p˙χF ·∇p
)
G<χ (p;R, T ) = 0
Response - AHE AHE & Axion electrodynamics
Four-Fermion Interactions LFL
LFL with
TFL
Berry curvature
Landau’s Fermi liquid with Berry curvature may be clas-
sified into the same Landau’s Fermi-liquid state described
by Landau’s Fermi-liquid theory, where their electromag-
netic properties are described by the Maxwell electro-
dynamics, the topological Fermi-liquid state should be
regarded to differ in the respect that there exists a topo-
logically protected surface Fermi-arc state.
VI. CONCLUSION
Generally speaking, one may neglect high-energy elec-
tron excitations deep inside a Fermi surface if there do
not exist a magnetic monopole and anti-monopole pair in
momentum space. However, if the Fermi surface encloses
a magnetic monopole, we must take into account the role
of high-energy excitations of electrons in the renormal-
ized effective field theory, where the topological infor-
mation such as Berry curvature and chiral anomaly are
incorporated through these high-energy excitations. In-
deed, we could observe the evidence in the first quanti-
zation, where the utilization of the diagonal basis takes
the topological structure. We did essentially the same
work in the second quantization, where high-energy elec-
tronic fluctuations turn out to be responsible for the
topological information in the low-energy dynamics of
chiral fermions, described by the topological Fermi-liquid
theory.
The nature of such spinless fermions in the topological
Fermi-liquid theory differs from that of electron quasi-
particles in the Landau’s Fermi-liquid theory. Actually,
such fermions carry not only the electric quantum num-
ber described by the minimal gauge-field coupling term
but also the magnetic dipole moment assigned from the
Berry curvature. The current of chiral spinless fermions
couples to the external magnetic field directly, given by
ix˙χF · f†χ(r, τ)(∇r + iA)fχ(r, τ), where the renormalized
velocity is given by x˙χF = x˙
χ
F [E,B;BF ], Eq. (147).
In summary, we derived a topological Fermi-liquid the-
ory from QED4 with a chiral gauge field, describing a
topological Fermi-liquid fixed point for a pair of chiral
Fermi surfaces identified with an interacting Weyl metal-
lic state. We emphasize that this effective theory differs
from the Landau’s Fermi-liquid theory, describing the
Landau’s Fermi-liquid fixed point, although the concept
of electron quasiparticles remains valid at this topological
Fermi-liquid fixed point.
Recently, we found that the B2 enhancement is not
limited on the longitudinal magnetoconductivity [21].
Both the Seebeck and thermal conductivities in the lon-
gitudinal setup have been predicted to show essentially
the same enhancement proportional to B2. Most sur-
prisingly, a topologically modified Boltzmann transport
theory with both the Berry curvature and chiral anomaly
26
has predicted that the Wiedemann-Franz law is violated
only in the longitudinal setup, showing the B2 depen-
dence in the Lorentz number, which turns out to be
purely topological, more precisely, geometrical in the ori-
gin. Since the breakdown of the Wiedemann-Franz law
appears in spite of the existence of electron quasiparti-
cles, the Weyl metallic state cannot be identified with the
Landau’s Fermi-liquid fixed point.
The topological Fermi-liquid theory serves a theoreti-
cal platform for us to investigate the role of Fermi-liquid
interactions in anomalous transport phenomena of in-
teracting Weyl metals such as anomalous Hall effects,
chiral magnetic and vortical effects, and negative lon-
gitudinal magnetoresistivity properties. In addition, it
allows us to study how thermodynamic properties such
as the Wilson’s ratio and spectra of collective excita-
tions such as zero sound modes in the Landau’s Fermi-
liquid state are modified due to the Berry curvature and
the chiral anomaly. Furthermore, symmetry breaking
phase transitions from the topological Fermi-liquid state
would be described by a topologically modified Landau-
Ginzburg-Wilson theory. We speculate that some types
of topological-in-origin terms may arise to allow nontriv-
ial quantum numbers in topological excitations of local
order parameters involved with symmetry breaking.
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